The existence of common fixed points is established for the mappings, where T is f, θ, L -weak contraction on a nonempty subset of a Banach space. As application, some results on the invariant best approximation are proved. Our results unify and substantially improve several recent results given by some authors.
Introduction and Preliminaries
Let M be a subset of a normed space X, · . The set
is called the set of best approximants to u ∈ X out of M, where dist u, M inf y − u : y ∈ M .
1.2
We denote N and cl M resp., wcl M by the set of positive integers and the closure resp., weak closure of a set M in X, respectively. Let f, T : M → M be mappings. The set of fixed points of T is denoted by F T . A point x ∈ M is a coincidence point resp., common fixed point of f and T if fx Tx resp., x fx Tx . The set of coincidence points of f and T is denoted by C f, T .
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The pair {f, T} is said to be 1 commuting 1 if Tfx fTx for all x ∈ M, 2 compatible 2, 3 if lim n → ∞ Tfx n − fTx n 0 whenever {x n } is a sequence such that lim n → ∞ Tx n lim n → ∞ fx n t for some t in M, 3 weakly compatible if they commute at their coincidence points, that is, if fTx Tfx whenever fx Tx, 4 a Banach operator pair if the set F f is T -invariant, namely, T F f ⊆ F f .
Obviously, the commuting pair T, f is a Banach operator pair, but converse is not true in general see 4, 5 . If T, f is a Banach operator pair, then f, T needs not be a Banach operator pair see 4, Example 1 .
The set M is said to be q-starshaped with q ∈ M if the segment q, x { 1 − k q kx : 0 ≤ k ≤ 1} joining q to x is contained in M for all x ∈ M. The mapping f defined on a q-starshaped set M is said to be affine if f 1 − k q kx 1 − k fq kfx, ∀x ∈ M.
1.3
Suppose that the set M is q-starshaped with q ∈ F f and is both T -and f-invariant. Then T and f are said to be 5 C q -commuting 3, 6 if fTx Tfx for all x ∈ C q f, T , where
6 pointwise R-subweakly commuting 7 if, for given x ∈ M, there exists a real number
In 1963, Meinardus 9 employed Schauder's fixed point theorem to prove a result regarding invariant approximation. Further, some generalizations of the result of Meinardus were obtained by Habiniak 10 , Jungck and Sessa 11 , and Singh 12 .
Since then, Al-Thagafi 13 extended these works and proved some results on invariant approximations for commuting mappings. Hussain The following result is a consequence of the main theorem of Berinde 18 .
Lemma 2.3. Let M be a nonempty subset of a metric space X, d and let T be a self-mapping of M. Assume that cl T M ⊂ M, cl T M is complete, and T is a θ, L -weak contraction. Then M ∩ F T is nonempty.

Theorem 2.4. Let M be a nonempty subset of a metric space X, d and let T, f be self-mappings of
Hence T is a θ, L -weak contraction on F f and cl T F f ⊆ F f . Therefore, by Lemma 2.3, T has a fixed point z in F f and so M ∩ F T ∩ F f / ∅.
Corollary 2.5. Let M be a nonempty subset of a metric space X, d and let T, f be a Banach operator pair on M. Assume that cl T M is complete, T is f, θ, L -weak contraction, and F f is nonempty and closed. Then
In Theorem 2.4 and Corollary 2.5, if L 0, then we easily obtain the following result, which improves Lemma 3.1 of Chen and Li 4 . 
The following result properly contains 4, Theorems 3.2-3.3 and improves 13, Theorem 2.2 , 10, Theorem 4 , and 11, Theorem 6 .
Theorem 2.7. Let M be a nonempty subset of a normed (resp., Banach) space X and let
T, f be self- mappings of M. Suppose that F f is q-starshaped, cl T F f ⊆ F f (resp., wcl T F f ⊆ F f ), cl T M
is compact (resp., wcl T M is weakly compact, and either I − T is demiclosed at 0 or X satisfies Opial's condition, where I stands for the identity mapping), and there exists a constant
Proof. For each n ∈ N, define T n : F f → F f by T n x 1 − k n q k n Tx for all x ∈ F f and a fixed sequence {k n } of real numbers 0 < k n < 1 converging to 1. Since F f is qstarshaped and cl T F f ⊆ F f resp., wcl T F f ⊆ F f , we have cl T n F f ⊆ F f resp., wcl T n F f ⊆ F f for each n ∈ N. Also, by the inequality 2.5 ,
for all x, y ∈ F f , L n : k n L, and 0 < k n < 1. Thus, for n ∈ N, T n is a f, k n , L n -weak contraction, where L n ≥ 0. If cl T M is compact, then, for each n ∈ N, cl T n M is compact and hence complete. By Theorem 2.4, for each n ∈ N, there exists x n ∈ F f such that x n fx n T n x n . The compactness of cl T M implies that there exists a subsequence {Tx m } of {Tx n } such that 
2.7
Moreover, we have
2.8
Taking the limit as m → ∞, we get z Tz and so M ∩ F T ∩ F f / ∅. Next, the weak compactness of wcl T M implies that wcl T n M is weakly compact and hence complete due to completeness of X see 3 . From Theorem 2.4, for each n ∈ N, there exists x n ∈ F f such that x n fx n T n x n . The weak compactness of wcl T M implies that there is a subsequence {Tx m } of {Tx n } converging weakly to y ∈ wcl T M as m → ∞. Since {Tx m } is a sequence in T F f , we have y ∈ wcl T F f ⊆ F f . Also, we have Obviously, f-nonexpansive mappings satisfy the inequality 2.5 and so we obtain the following.
Corollary 2.8 see 17, Theorem 2.4 . Let M be a nonempty subset of a normed (resp., Banach) space X and let T , f be self-mappings of M. Suppose that F f is q-starshaped, cl T F f ⊆ F f (resp., wcl T F f ⊆ F f ), cl T M is compact, (resp., wcl T M is weakly compact, and either I − T is demiclosed at 0 or X satisfies Opial's condition), and T is f-nonexpansive on
Corollary 2.9 see 4, Theorems 3.2-3.3 . Let M be a nonempty subset of a normed (resp., Banach) space X and let T, f be self-mappings of M. Suppose that F f is q-starshaped and closed (resp., weakly closed), cl T M is compact (resp., wcl T M is weakly compact, and either I − T is demiclosed at 0 or X satisfies Opial's condition), T, f is a Banach operator pair, and T is f-
Corollary 2.10 see 13, Theorem 2.1 . Let M be a nonempty closed and q-starshaped subset of a normed space X and let T , f be self-mappings of M such that T M ⊆ f M . Suppose that T commutes with f and q ∈ F f . If cl T M is compact, f is continuous, linear, and T is f-
Corollary 2.11. Let X be a normed (resp., Banach) space X and let T, f be self-mappings of 
(resp., wcl T D is weakly compact, and I − T is demiclosed at 0). If the inequality 2.5 holds for all
x, y ∈ D, then P M u ∩ F T ∩ F f / ∅.
Corollary 2.12. Let X be a normed (resp., Banach) space X and let T, f be self-mappings of
X. If u ∈ X, D ⊆ P M u , D 0 : D ∩ F f is q-starshaped, cl T D 0 ⊆ D 0 (resp., wcl T D 0 ⊆ D 0 ), cl T
D is compact, (resp., wcl T D is weakly compact, and I − T is demiclosed at 0). If the inequality 2.5 holds for all
and I − T is demiclosed at 0), and the inequality 2.5 holds for all x, y ∈ D, then
, by the continuity of the norm, we get z − u dist u, cl T M u for some z ∈ cl T M u . If we assume that wcl T M u is weakly compact, then, using 23, Lemma 5.5, page 192 , we can show the existence of a z ∈ wcl T M u such that dist u, wcl T M u z − u . Thus, in both cases, we have
for all x ∈ M u . Hence z − u dist u, M and so P M u is nonempty closed and convex with T P M u ⊆ P M u . The compactness of cl T M u resp., the weak compactness of wcl T M u implies that cl T D is compact resp., wcl T D is weakly compact . Therefore, the result now follows from Corollary 2.12. This completes the proof. 
, wcl T M is weakly compact), and T is continuous on M (resp., I − T is demiclosed at 0). If the following condition holds:
, and the pair f, g satisfies the inequality 2.5 for all
and the inequality 2.16 holds for all q ∈ F f ∩ F g and x, y ∈ P M u .
Proof. 1 and 2 follow from 5, 8, Theorem 2.14 . By 2 , the compactness of cl f M u implies that cl f P M u and cl T P M u is compact. Theorem 2.7 implies that F f ∩F g ∩ P M u / ∅. Further, F f ∩ F g is q-starshaped with q ∈ F f ∩ F g ∩ P M u . Therefore, the conclusion now follows from Theorem 2.19 applied to P M u . 
2.17
Then we have the following: 
2.18
Thus T, f is a Banach operator pair. It is easy to see that T is f, θ, L -weak contraction and T , f do not commute on the set C T, f , and so are not weakly compatible. Clearly, f is not affine or linear, F f is convex and 1, 0 is a common fixed point of T and f.
